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1 Shankar 5.2.2.

1.1 Expectation Value of Hamiltonian

For any normalized [¢), the expectation value of the energy, (¢)|H|v), is always greater than the
lowest energy eigenvalue, Ey. To show this, start by expanding [¢)) in the energy eigenbasis. Let
|tn) be an eigenstate of the Hamiltonian operator, or total energy, such that

Ij[ ‘wn> =E, W}n> ) (1)

note that E,, > Fy for any n. When the state |¢) is expanded in this basis it becomes
1/}> - Z an ‘wn> ) (2)
n

where the a,’s are constants that determine how much of |¢) is projected onto each basis vector
|tr). The first step in finding the expectation value of energy is to have the Hamiltonian operator
act on the state [¢),

a ) = Zanﬁ |thn) = ZanEn [Yn) - (3)
Then take the inner product of |¢) and H [¢)),

’H|¢ Zan’ (O ’ZanE |¥n) ZZG 1 B (Y [t0n) (4)
= Z Zan/@nEnénn’ = Z |an| E, s (5)

which by the definition of Ej,

Z ‘anPEn > Z ’an|2E0 ) (6)

is true. Substituting in the expectation value of energy for the left side of the above equation, and
rearranging the right side gives

(WIH|p) > Eo Y Janl . (7)

The squared norm of each coefficient a,, determines the probability of measuring |¢) in an energy
eigenstate [t0,). The total probability of every state summed together must equal one, >_  |a,|*> = 1,
which proves the statement postulated in the first sentence,

(G| H ) > Ey . (8)

1.2 Bound States in One Dimensional Attractive Potentials

Every attractive potential in one dimension has at least one bound state (E < 0). Define an
attractive potential such that the potential far out must be zero, V(c0) = 0, so the wave functions
can be normalized. This implies that V(z) = —|V (z)| for all . To prove that there always exists
a bound state, consider the wavefunction

vale) = (2)" explaa?/2]. (9)
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Begin by calculating the energy of this state, E(a) = (¢a|ﬁ |tha ), using the Hamiltonian,

~ n? d?
H= 1
s = V@) (10)
which yields
<¢a|ﬁ|¢a> :/ ¢a($)*ﬁ%($)dl’ : (11)
This integral will be evaluated in steps. Start by determining Hq,
- n? d?
Ao = — 5[] = [V (@)l (12)

which requires knowing the second derivative of 1,
d? d? a 1/4 aN1/4 d
W[T/fa] =2 {(W) exp[—ax2/2]] = (%> o [ —ax exp(—a:v2/2)]
1/4
= —« (E) [exp[—a:rQ/Q] + z(—ax) exp[—ax2/2]]
T

= (2)" [t s expleatsa)].

™

which gives the result for Hi),,

o = " (9)1/ ! [(1 _ aa?) exp[—axQ/Q]} _ (9)1/ V(@) expl—az?/2] . (13)

2m \« T

Now multiply this by v}, however 9} = 1, because it is completely real, yielding

N . / 2
V2o = Yot = (2) " expl-as?) [02‘7;(1 —as?) - |V(x)} , (14)

and taking the integral,

altin) = (2)" [ arespl-an?] [$120 - o) - (0] (15
= (%)1/2 [(;Zj /0; dx exp[—az?®](1 — az?) — /0; dx exp[—ax2]|V(1‘)q , (16)

which using MATHEMATICA to evaluate the first integral becomes

E(a): 1/2 [%2\/» / dx exp|—az?]|V (z )|] (17)

ahg 1/2 9
T (;) /OO dx exp|—azx?||V ()] . (18)
Define a potential I(«) such that
I(a) = / dz expl—az?||V(2)| (19)
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so Equation 18 becomes

ah? a\1/2
Bla) = 5 - (;) I(a) . (20)
For a bound state F(«a) < 0, so
ah? a\1/2
a\1/2 ah?

— 1 — 22
<7r> () > dm (22)

2
I(a)? > a% (23)

16m

In the limit that a goes to zero, the left side of the above equation falls linearly with o to zero.
The limit, as a — 0, of the potential I is

o0

lim I(a) = lim [ dzexpl—aa?]|[V(z)] = / T dalV(@) = K (25)

a—0 a—0 J_ oo

where K is some positive constant, which depends on the potential. This makes the inequality,

5 16m

0< K*——,
mhi

(26)

which is always true. Therefore for sufficiently small values of a there will always be a bound state.
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2 Shankar 5.2.4.

The energy of a particle of mass m, in a state |n), in an infinite one dimensional square well of
length L is given by Shankar Equation 5.2.17c,

h272n?
E,=—7--. 27
" 2mL2 (27)

If the walls of the well are slowly pushed in such that the particle remains in state |n), the force
felt by the particle is

Rr?n?  2E
T2 (9g)

F=
mL3 L

(—2L7%)

0B, 9 RPr?n?] _h27r2n2 Kl L7 = _h2ﬂ'2n2
OL  OL | 2mL2 | om OL - 2m

In the classical analog to this problem, the energy of the particle F,, is constant in its collisions
with the walls. Since there is no potential energy inside the square well, the velocity is

2F,
v=+ , (29)

m

where the positive value is moving to the right (towards x = L) and the negative value is moving
to the right (towards « = 0). From this the change in momentum of the particle from each collision
can be found. Since no energy is lost (completely elastic collisions), the momenta before and after
the collision have equal magnitudes, but in opposite directions. Consider a collision with the wall
at © = L, where p; is the particles momentum just before the collision and py is the momentum
just after the collision,

2F. 2F 2F.
Ap=p;—pr=m n—m<— n):2m =" — \/8mE, . (30)
m m m

To compare the average force felt by a classical particle to the quantum force, the value Ap/At
must be known. However 1/At is just the frequency f which is just the velocity of the particle
divided by the distance it travels. The distance the particle travels between interactions with the
same wall is twice the length of the box. The frequency is the same regardless of the direction the
particle is travelling so choose the positive value. This gives the frequency

v 2FE, 1 E,
SR e N 1
f 2L m 2L omL? "’ (31)

which has units of inverse time. This gives the average force felt by the classical particle to be

_ E, SmE?2 1E?  2E,
F=fap=\/g 7zV8mEn = \/2ng =\ = (32)

which is the same force felt by the quantum particle.
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3 Shankar 5.3.1

Consider a potential given by V' = V,. —iV;, where the imaginary part V; is a constant. It is clear the
Hamiltonian is not Hermitian with this potential because the definition of Hermiticity is H = HT,
h2
2m

H = —— V24 (V, — (=)V;) # H . (33)
It can be shown that the probability of finding a particle in this potential decreases exponentially
with time. To prove this, the continuity equation for this potential is derived. For this potential
the Schrodinger equation and its conjugate are

2
% = g2y v (34)

* 2
—mai :—iv% + (Vo + Vi)™ (35)

multiplying Equation 34 by ¢* and Equation 35 by ¥, then subtracting Equation 35 from Equa-
tion 34 gives

o o R .
i (0 G+ 0y ) =~ 0TV = UV 2V (36)
Using the chain rule, the sum on the left hand side can be written as
o oy 9 .. 0 o, 0
aﬂ”/) En —a¢ ¢—a|¢| —§P7 (37)

where P is the probability defined as P = |¢|2. This makes Equation 36 into

9
at

2V
h

_ h2 *v72 2 g% .
P=—g "V = VYT) = —=P i (38)

which using the definition of the probability current j, can be written

0 . 2V; 0 2Vi
ap —(V-j) - W aP+(V j) = 5

P. (39)

This expression can be integrated over all space which yields

2V

(40)

3
pn Pdr—i—/(VJ

The middle integral can be shown to be zero using Gauss’s law, as shown in Shankar Equation
5.3.3. Converting the volume integral over all space to a surface integral of a sphere with infinite

radius Sy gives
[-patr=[ jas. (41)

which must be zero because for a normalizable wavefunction the probability of finding a particle
at infinity must be zero. This must be true so that the integral over all space of the squared norm
of the wavefunction is bounded. This allows Equation 40 to be written as

%Pcﬁ / <—27?>Pd3r, (42)
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but because the integral is over the same volume, the integrand of each side must also be equal,

2V
iPd?’r = W

Pd? 4
o 7 d’r, (43)

which is trivial to solve for P(t). It may be bothersome that this equation is not equivalent to
Equation 38, but the P in that equation is the probability of finding the particle at a specific
location as a function of time. The P in the above equation is the probability of finding the
particle anywhere in all space as a function of time. The solution to the above differential equation
is an exponential of the form

P(t) = e 2Vit/h (44)

which decays exponentially with time, proving the statement claimed at the onset of the problem.
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4 Problem #4: Matrix Hamiltonian.

Consider the following one-dimensional Hamiltonian:

d2
da?

-1 O<z<m

Hy =
00 else

+ Vi(x) , where Vi(z) = { , (45)

for simplicity, we have set h = 2m = 1. To solve this, define 3 = /E — Vi, which makes the time
independent Schr’odinger equation

d2
Hyp = Byl = g = -2t (46)

which has a solution of the form (") (z) = A cos(8z) + Bsin(Bz). The constants A and B can be

determined by enforcing that the wavefunction goes to zero when the potential is infinite, i.e. when
z =0 and z = 7. Applying the boundary conditions gives

Y1 (0) = 0= Acos(0) + Bsin(0) = A=0 (47)

YW (r) =0=Bsin(fr) = B=nwheren=1,23... (48)

making the wavefunction w(l)(m) = Bsinnx for integer values of n. To find B, the normalization
requirement must be satisfied,

1= / P gy = BQ/ sin?(na)de = BZg , (49)
0 0

which makes the wavefunction

wW@:¢%mm% (50)

where n must be an integer. The energy can be found noting that, from Equation 48, 5 = n, which
can be solved for energy by using the definition of 3,

EV=n?2+v; = EW=pn2-1, (51)

n
after substituting in the value of V3. The ground and first excited states are given by n = 1,2,
respectively. However, when n = 1, the energy is zero, which normally implies there is no particle,
but because the potential is negative, the particle still has kinetic energy that makes its total energy
zero. The lowest two energy states are

P@:¢;M@ Y =0 (52)

2
wgl)(w) = \/7Sin(2;1:) Eél) =3. (53)
™
Define the function W (x) which is given by

W(z) = — gl) () __cosx
wgl)(x) sinx ’

(54)

where w%l)l(x) denotes the first derivative with respect to x. This function allows the following

operators to be defined:

A:%+W@,me——+wm. (55)
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The products of these operators can be examined. Consider the product AfA,

ATA = —i+W(x) i+W(g:) ——d—QJrW?—iWJrWi (56)
O\ dx dx  da? dx dx
d? aw d d
= W2 | W — | + W— 57
dm2+ |:dl’ * dl’:|+ dx (57)
d? aw
=gtV (58)
_ _iz cos? x d cosz (59)
~ dx?  sin’z  drsinz
d>  cos’x 1
__ e _ 60
i sin?z  sin’x (60)
B _de n cos?z — (cos? x + sin®z) _de n cos? x — cos? x B sin? (61)
- da? sin?  da? sin? sin? z
d? d?

Therefore the product of A" and A is the Hamiltonian H;. Now, consider the Hamiltonian Hy =
AAT,

Hy = At A = i+W(ac) —i+W(x) ——d—2+wz+iW—Wi (63)
2 - \dz dx a2 dx dx
d? 9 AW d>  cos’z 1
- = 4
dz? W dx dr?  sin’x + sin? z (64)
_d*  costx A (c.osz2 x + sin? ) (65)
dz? sin® x
2 1 2
__a —|— c;)s T (66)
dz? sin®
This gives the form of the potential for this Hamiltonian,
1+ cos’z
sin” x
From the definitions of Hy; and Hs, it is easy to show
AH = H:A = AH [g{)) = HoAloV) (68)
which when applying the H; operator becomes
AEV [9D) = ReAl)) = HAY) = ENARD), (69)

which implies that the eigenstates of Ho are the eigenstates of Hy operated on by A, with the same
eigenvalues,

) = Ald)  EP = BD. (70)

n
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This allows the entire spectrum of Hy to be found. Using the ground state of Hy, the corresponding
state of Hy can be calculated,

i) = a1 = (- 22) 2 e ()
_ f <;; sn(a) — 2 Sm@) (72)
= \/Z(cosa?—cosx)ZO, (73)

which says there is no particle because the wavefunction is zero (and so must be the energy),
therefore the ground state of Ho does not correspond to the ground state of Hy. The ground state
wavefunction of Hy is not n = 1, as in the spectrum of Hy, but n = 2. Therefore, the ground state

of Hy is

i) = alel) = (-2 o (74)
_ /2 <ddsin(2x) oS sin(2x)> - \/z (2cos(2) — 2T sin(22))  (75)

™ X S x ST

= \/Z (2 cos(2z) — C?SIZSin(x) COS(x)) (76)

= 2\/2[(305(21‘) — cos?(x)] , (77)

which has energy Eéz) = Eél) = 3. The \w}f) ) for each n satisfies the same boundary conditions
imposed for V7, see Figure 1.

Nl Y X _
\ R C

(a) Wavetunctions of Hy for multiple values of n. (b) Probability densities of Hy for some values of n.

Figure 1: Plots showing that the behavior of the eigenstates of Hy obey the necessary boundary
conditions for all n.
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