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Dylan J. Temples Quantum Field Theory II : Solution Set Two

1 Bhabha Scattering.

Compute the differential cross section for Bhabha scattering, ete™ — ete™ in the limit that the
electron mass can be neglected. You should express your answer in terms of the Mandelstam in-
variants s, t, u.

e (p3. @)
, e (p1,u®)
e (ps,u®)
e (pr,u®)

v(p1 — p3)
v(p1+ p2)
et (po, T") et(ps.v")
e (p2. 0") et(pg, o)

Figure 1: The tree-level Feynman diagrams describing the process ete™ — ete™. (Left) s-channel.
(Right) t-channel.

The tree-level diagrams for the process ete™ — eTe™ are shown in figure 1, the left diagram
representing the s-channel and the right diagram representing the ¢-channel.

1.1 s-channel.
From the Feynman diagram, we can write the matrix element as
igh” ie?

M = (i) [y~ g (—ie)[Esma] = = [o2yun]ldsy o] , (1)

where the propagator momentum ¢ = p; + po = /s. We can take the modulus squared of this
matrix element, noting that since M is a C-number taking the complex conjugate is equivalent to
taking the hermitian conjugate:

64

M, = 57[@27uul][7137“v4] ([T ][5y va))T (2)
e4

= 8*2[@2%“1”@37“?14] [Dyua] gy v4] ", (3)

since each quantity in square brackets is a C-number. Performing the conjugation yields

4

e
IM,|* = ?[@WMHE?’V“M] [y v2] [U47" us] (4)
oA
= 9[172%161][ﬁ17uv2][1747yu3] [Ugy"v4] (5)
having noted:
[y v]T = [uTy 09 0]" = 0Ty 17 0Tu = o1 (%)% 17 0u = 5(7°9" 1) u = 07" u (6)
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Dylan J. Temples Quantum Field Theory II : Solution Set Two

where we've used the facts that 7 is hermitian, 1, = (v%)2, and 7%4*T7? = 4*. Now, since a
C-number is equal to its trace, we have

4
e _ _ o,
M2 = o) Tr Doy, w11y, v2] Tr[vay" uztizy" v (7)
4
e
=32 Tr[vavayur i1y, Trlvavay”uztigy"] . (8)

Now we must average over the initial spins and sum over the final spins:

_ 1 1 64 B B . o
M =33 IMI =7 D7 5 Tologogyauiuin] Tolo o v us w5 7] (9)

spins r,s,r!,s’

let us move the sums into the traces:
=T S~
Z UQ’UQ’Y,U« Z Ulul’yu
T S

so using the completeness relations (in the m. — 0 limit) we have

- 9 64
|MS| ZTTI'

Tr
52

sz’@z’wzué’a;’w] | (10)

r! s’

4 4

|Ms‘ = @ Tr |:p2’7up17u] Tr |:p4’}”jp3’}/'“] — @ Tr [pZWM]Zﬁl"}/V} Tr |:p3»y#p4,71/} (11)
64 .

= @ngf Tr [YaYuV8Vv] P3apap Tr [vav”vﬁ v } . (12)

Using the identities for traces of gamma matrices, we have
P8PY T (a5 ] = 4PSDY (Gou9sv — Jop G + JavGus) (13)

= 4 (p2up1v — (P2 P1)Gpv + P2vD14) (14)

P3apag Tr [7“7”76 v”} = 4p3apag (ga“gﬁ V=g + g™ g’ ) (15)

= 4(p5p1 — (3 pa)g™ + P5pY) (16)

which we must take the product of, which is of the form (142+3)(A+B+C), and list the terms

1A @ (p3-p2)(pa-p1) (17)
IB : —(p2-p1)(p3-pa) (18)
1C ¢ (p4-p2)(p3-p1) (19)
2A :© —(p3-pa)(p2-p1) (20)
2B 1 4(ps - pa)(p2-p1) (21)
2C : —(p3-p4a)(p2-11) (22)
3A ¢ (p3-p1)(ps-p2) (23)
3B : —(p2-p1)(p3 - pa) (24)
3C : (p3-p2)(pa-m1) (25)

which we must sum (including an overall factor of 42), note the factor of 4 in 2B comes from
9" g, = 4. Let us note the relations:

1A=3C 1C=3A 2B+1B+2A+2C+3B=0, (26)

Page 3 of 20



Dylan J. Temples Quantum Field Theory II : Solution Set Two

so the sum is

4
- e
M, = 4@ [2(p3 - p2)(pa - p1) + 2(pa - p2)(p3 - P1)] - (27)
Now, let’s investigate the Mandelstam invariants:
s = (p1+p2)® =P +p3+2p1-p2 — 2p1 - P2 = 2p3 - P4 (28)
t=ps—p1)>=p3+pl—2p1-p3s— —2p1-p3 = —2ps- D2 (29)
u=(ps—p1)> =pi+p} —2p1-ps— —2p1-ps=—2p2-p3, (30)

since the square of a four-momentum reduces to the particle’s mass, in this limit zero. The spin-
averaged matrix element for the s-channel is then

4
- e
IM,|? = 23 [(=2)(p3 - p2)(=2)(pa - 1) + (=2)(Pa - p2)(=2)(p3 - 1] (31)
4 2 2
t
=25 [u*+ ) = 2¢' ;“ . (32)
1.2 t¢-channel.
Let us do the same process as above for the ¢-channel:
. . gt ie? _ _
iMy = (—ie) [Uswul]?(—w)[vz’yym] = —?[u:&wuﬂ[@fﬂ”m] ) (33)
where the propagator momentum g = p3 — p; = v/t. The modulus squared is
4
e
[Mef? = 7 [z ][v27"vd] (@37, ] 027" va]" (34)
oA
= 3 [wsyuu] [y valluryus][v4y”v2] (35)
4
e
=2 Tr [z, u1t17,u3] Tr [Day" 04047  vo] (36)
4
e
=2 Tr [ur 11y ustizyy) Tr (404" v202y"] (37)

Now we must average over the initial spins and sum over the final spins:

S ovp oty 05557“] , (38)
'8

',"/

Tr

4
-2 _ € 55 s’ s
|My|” = @TT E U Yy § Ug Uz Y
S s/
again we use the completeness relations:

4
- e
My|? = @p?pg Tr [Ya Vv Y8Vu] Paap2s Tr ['y“v”’yﬁ ’y“} - (39)
Using the identities for traces of gamma matrices, we have

P05 Tr [V 5] = 4955 (Jaw 98 — JapIup + Jougus) (40)
=4 (pll/p?)u - (pl ' p3)guu + plup3u) (41)

Paapap Tr [’ya'y”wﬁ v“} = 4piapas (go‘”gﬁ“ — g™ gt 4 g g¥P ) (42)
(43)

= 4 (pYplhy — (pa - p2)gd”™" + piph) | 43
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which we take the product of, again using notation (1+2+3)(A+B+C), and list the terms

1A : (psa-p1)(p2-p3) (44)
IB : —(p1-p3)(pa-p2) (45)
1C : (p2-p1)(pa-p3) (46)
2A © — (pa-p2)(p1-Dp3) (47)
2B : 4(ps-p2)(p1-p3) (48)
2C © —(pa-p2)(p1-p3) (49)
3A ¢ (pa-p3)(p2-p1) (50)
3B 1 —(p1-p3)(pa-p2) (51)
3C :+ (psa-p1)(p2-ps3) (52)

which we must sum (including an overall factor of 42), note the factor of 4 in 2B comes from
9" g = 4. Let us note the relations:

1A=3C 10=3A 2B+1B+2A+2C+3B=0, (53)
so the sum is

64
Myf? = 45 [2(pa - p1)(p2 - Ps) + 2(p2 1) (Pa - p3)] (54)

4
=255 [(=2)(pa- p1)(=2) (P2 - p3) + () (P2 - 1) (D) (p1 - po)] (55)

et 5%+ u?

=25 [u? + 7] = 2¢* 2 (56)

Note that we could have found this answer under interchange of momenta: pgs) — —pét) and

pgs) — —pg), so the Mandelstam invariants become

s=(p1+p2)®— (p1—p3)’ =t (57)
t=(ps—p1)’ = (—p2—p1)°=s (58)
u=ps—p1)* = pa—p1)’=u, (59)

and one can see that making the substitutions s — ¢t and ¢ — s in equation 32 yields equation 56.
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1.3 Cross-terms.

in the calculation of the spin-averaged matrix elements earlier, we had forgotten about the cross-
terms:

IM[? = [M]? + M| + MM; + MM (60)

which we can now calculate. The first is

_ 1 ie2 ie?
MMy = > [—S[vﬂuul][uw 124]] [t[uwum]T[UQ’Y”m]T (61)
spins
64
= 17 2 [l yus)[asy v [y va] (62)
spins
64 / / ’ /
= > Tfogutaiyd sy e o] 7 v (63)
r,s,r! s
Trly, Y uiuin Y uf wia" D vf 05" ) vhs) (64)
S s/ 'r’ '
64 64
= Ust Ty " P Pyl = Telp, Wiy B Py vl (65)
4
= Zﬁguagyﬁ Tr[pﬂﬁzﬁﬂ“pﬂ”pﬂa] 7 (66)

For the sake of calculations, let’s cast this in a different form, using p; — p, p2 — k, p3 — p/, and
ps — k', we can then write the cross term as

4

e
MM = - —guagus Trlpy " Ky k") = tgwgyﬁ e[k pr g E ) | (67)
now relabel our indeces (swapping  and p):
ol
MM = - gap g Telky " oy K] (68)

Note the following relations which can be found in Appendix A.4 of Schwartz:

Yy =4 (69)
V= =297 (70)
APy, = 4g”P (71)
YAV AP Ty = =297y (72)
so we can apply these:
4
MM = ga,@ Ty py Py K] = — tgaﬁ Ty pk P p] (73)
4
=—— Tr[%v P vep] = —2—(p- ) Telkp] (74)
64
=—8—(p- K)(k ¥ (75)
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Let’s recast this in terms of our original momenta definitions:

4
-k e
MM = —85(191 pa)(p2 - p3) (76)
then in terms of the Mandelstam invariants:
S OAA* 64 2
MM =2—u” . (77)
st
Instead of calculating the other cross-term, I will claim
2R{AMM} = MM, + MMy = 2R{MEM.} (78)
SO
- _ _ u2
MM+ MM, = 4e4§ . (79)
1.4 Differential cross-section.
The differential cross-section for this process is given by
do 1 -9
=L 80
dQ 64772.9’ | (80)
Let’s calculate these for the s- and ¢t-channel separately:
dog 1 W2+ P 1 (2\? 2 +u2 o222 +u? (81)
= e = — _— _— = —
dQ  64n2s 52 2s \ 4 52 25 52
doy 1 26482+u2:a7282+u2 (82)
dQ  64m2s 12 2s 2
The contribution from the cross-terms is:
dog 1 - 1 4u2 e2\% 1 u a?u
= ——RMM;}=——de"—=—| ——=—— 83
dQ  64n2s (MM} 4(4m)2s © st Ar ] sst s st (83)
Thus, the total-differential cross-section is
do  o?t?4+u? o?s?+u? o?u?
o= 5. 3 oot (84)
dQ 2s s 2s t s st
a? [P 4+u?  $2+u? 202
_ % = 85
2s [ 2 ety ] (85)
2 2 2
@ t t o 1 1 2
e z T 86
2s [(s) +(s> tu <32+t2+5t>] ’ (86)
which can be written
do o2 | [t\? 5\2 5(1 1 2
— =—||- - -+ - 87
dQ  2s [(s) +<t> * <s+t) (87)
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If we integrate over the azimuth, we acquire a factor of 27, yielding

do__ ma® | (t 2+(S)2+ 2 (1, 1)
dcosf s s t b s t

which is in agreement with Peskin (problem 5.2). Let’s investigate the angular dependence of the
differential cross section. In the center of mass frame, we have

; (88)

p1 = (Eem/2,P) p3 = (Eem/2,k) (89)
D2 = (Ecm/Qa *p) P4 = (Ecm/2a *k) , (90)

where |p| = |k| = E¢n, /2. Using this, the Mandelstam invariants can be written

s=2p1-po = E2, (91)

t=—2p1-ps = —2(p{p§ — (p-k)) (92)
E2

= —2%(1 —cos @) (93)

u=—2p-ps=—2(p{p] — (p- —k)) (94)
E2

= —2%(1 + cos ) . (95)

Inserting these into the differential-cross section yields

2
do _wa? [ (=251 —cost) )" | B2, :
deost — EZ, EZ, —9Lfim (1 —cosf)

4

2
E2 (1 1
+ <—2cm (1 + cos 9)) 5t ] ;
4 Eén —2=¢m(1 — cos0)
canceling some factors:

s mz{a_cosa)z (e )}

dcosé?:Egm 4 +(1—cos€)2+ 4 "~ 1—cosf

Letting our old pal MATHEMATICA handle the algebra, we obtain

do Ta? { (C082 0+ 3)2 } ' (96)

dcosf E2. | 2(cosf —1)2
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2 QED with Massive Photon.

Consider QED with an electron coupled to the usual massless photon. Add another massive spin-1
field to this theory.

(a) What is the most general Lagrangian consistent with QED gauge invariance (hint: you should
have the usual QED Lagrangian, the free Lagrangian for the massive spin-1 field, and one
additional term)?

The QED Lagrangian is
1 1
S V2 J—
LQED w 2%

4
where the D,, = 0,, + ieA, is the covariant derivative, and

(0 AM)? + P[iP —m]y (97)

Fu =0,A, —0,A, . (98)
The free Lagrangian for the massive spin-1 field B* is
L o
Lp = _ZHM H,, + §mBBuBM ) (99)
where
H,, =0,B,—-0,B, . (100)

Note we can write the kinetic terms as

1

1 1
TP B = =50, A0" A, + S0, A0 A, (101)

and after integrating by parts, we have

1
4

and similarly for the B field. We now need to couple the massive spin-1 field B* to the QED
Lagrangian, i.e., add an interaction term. The most straightforward interaction we can write
down is

FME,, — %AM (O™ — 99"} A, = %AMM“”AV , (102)

Ling = —g7" 9By (103)

but if we enforce that the fermion is uncharged under U(1)p, then g = 0. So we instead look
towards a kinetic mixing term:

ﬁint - _EFMVHMV - EHMVEAV = %AHMHVBV + %BMMMVAV . (104)

Ignoring the interaction between the fermion and the standard model photon, and fixing our
gauge allows us to write:
1

1 1, 1 MH 0 Ay
Ly = 4FWFW - ZHWHW + ™M B,B" = B) (4uB.) ( 0 M+ emQBQW> (Bl) ’
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If we include the kinetic mixing term, we have

1 M~ e MM A,
L= 9 (AHB#) <€M;w M~ _|_m2Bg;W> (B,,) ) (105)

which is no longer diagonalized, so we must do that. If we concern ourselves with only the
kinetic terms of the bosonic fields:

1 1
Ly == F"Fy - JH" Hy, — %F‘“’HW (106)
1 1
= SAM"A, + B,M"B, + cA,M"B, (107)
we can express this as
1 1 €\ (MHA,
ET = 5 (AN BN) (E 1> <MMVBV) ) (108)

so we simply need to diagonalize the matrix

N = C i) , (109)

which has eigenvalues A = 1 &+ ¢, and a transition matrix:

1 /-1 1
T= E < 1 1> , (110)
where the first column corresponds to the eigenvector for A = 1 — ¢, and the second for

A =1+ e. We can scale each column by a factor 1/ VA, where X is the eigenvector for the
column:’

T:1<—1/\/1—6 1/\/1+e>
B\ 1VI—c 1/yIte)’

such that the mixing matrix in this rotated basis is now diagonal

T 1 ¢ o
T (E ) T=14. (112)

The fields can be written as this transformation on another set of fields:

#)-(5)-

so in terms of the original fields, we have

() =7 (52) =52 (0= V) () =5 (Ui 0

BH Br) 2o\ Vi—-e Vit+e)\B*) 2\ VI+e(A'+ BH)

(111)

(114)

Now, in the original kinetic Lagrangian (equation 108), we make the substitution {A*, B} —
{A#, B} to verify it is indeed diagonal:

1 ¢ - - - . - - - .
Lr=s {4 A, + B M B, + eA,M™ B, + B, M™ A, } (115)
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let’s investigate these terms:

A g, =4 > V(= A, + Bu)(—M™ A, + MM B,) (116)
_a - D [AM" Ay + B,M™ B, — A, MM B, — B,M"™ A} (117)
B, — U . (4, + B)(M™ Ay + M™ B,) (118)
_a 5 2 {A,M" A, + B,M""B, + A,M" B, + B,M"A,} |, (119)

note that if we sum these, we obtain
A,M"™ A, + B,M" B, = A,M" A, + B,M" B, + ¢(A,M" B, + B,M" A,) .  (120)

The remaining two terms are

€A, MM B, = gmmwm + B,)(M™ A, + M™B,) (121)
_ gmm {—A,M"™ A, + B,M" B, — A,M" B, + B,M" A,} (122)
B, MM A, = g\/ﬁ\/ﬁmu + B,)(~M" A, + M"™B,,) (123)
- g\/ﬁm {(—A,M" A, + B,M" B, — A,M"'B, + B,M" A,}
(124)
which sum to
€A, M" B, + eB,M" A, = e\/1 — (—A,M" A, + B,M""B,)) . (125)
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So the kinetic-diagonalized Lagrangian is

1 ~ o~ - ~
L= —EF’“’FHV - EHW w + 5mp BB + livt (f% + ieAu) —mly, (126)
with
Fly = 0,4, — 0,4, (127)
Hm/ = auBV - 81/Bu ) (128)

note these are the un-transformed fields. We now need to investigate the mass terms under
mixing:
1+e€ 1+e€

B,B" = — (A" + B (A + By) = —

(A"A, + B"B, + A'B,, + B"A,) ,  (129)

or in matrix form

B,B" = 1‘2” (An B G i) (gz) . (130)

The eigenvalues of the matrix are 2 and 0 , so the transformation matrix is

T (g 8) , (131)

so to diagonalize the mass term, we simply scale the B field, this does not have an effect on
the previous diagonalization. Luckily, we recover a massless photon. The final form for the
Lagrangian is

€ € 1 oy . .
L= F"Fy = JH" Hyy + ngBB#BM + iyt (0, — ieA, +ieB,) —mly ,  (132)

so the B field only couples to the fermion field, through a term generated by the kinetic
mixing:

_equ’)/MBuw ) (133)

which couples the massive photon to the fermion fields. Note this form is identical to standard
QED.

What decay modes does the massive spin-1 particle A’ have? Calculate its lifetime in terms

of the Lagrangian parameters.

Since the massive spin-1 field only couples to the fermion field, the only possible decay mode
is B — eTe”. Let us give the massive spin-1 particle momentum k and the electron and
positron momenta p; and ps respectively. In the rest frame of the B particle, we have

k=(mp,0) p1=(Ep) p=(E-p), (134)

and we can define the axes such that p = |p|z. The Feynman rules for interactions with
the massive spin-1 should be identical to that of “standard” QED, but with a mass term in
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the propagator. The tree-level diagram for this process, is just a single vertex, so the matrix

element is
M = guiytvge, (135)
where ¢, is the polarization vector for the final state B particle. We can square the matrix
element:
IM* = g?[ury vae ][ty vaey]T = g°[iy vae) e, 027 ua] (136)
=g Tr{ﬂyy“vg@g'y”ul}e,,ez =g° Tr{’y“vgﬁgfy”ulﬂl}eue; . (137)

Now we need to average over the initial polarization states of the B boson, and sum over
the final spin states. Since the B boson is massive, the third polarization (longitudinal) is
allowed, thus

MJ? = Zg Tr{y"vy057" Ul“l}f)\ = 9 Tr{’Y“?Q’Y P} Z > *A (138)
)\rs
1 . \
= 50" P1ap2s Tr{y*"y ’y”v“}z et = fpmpzﬁ Tr{y™y"y 7”}29 Yo (139)

where we have taken the massless electron limt. The trace evaluates to

Prapzs Te{y* 759"} = 4(ph'ph — (p1 - p2) g™ + pivhy) | (140)

using the results from the previous problem. We now need to evaluate the polarization sum,
but for any set of orthonormal vectors, one obtains!

- ko k
Z vet = —gu + L5, (141)
mp

so the polarization-averaged matrix element is

2

_ k. k.,
P =S4ttt — o po)g + 910 (o + 252
mp
492 -k -k k-k -k -k
- % [(pl -p2) +4(p1-p2) — (p1-p2) + (o )(2p2 ) 5 (p1-p2) + %)(2]02)}
mp mp mp
44> “k)(pa - k 44> “k)(p2 - k
_ % [2(191 ,p2)+2(p1 )(2192 ) — _pz)] _ % [(pl _p2)+2(p1 )(2:02 )] ’
B mp

since we are in the rest frame of the B boson, k- k = m2B. Looking back at the definitions for
our momenta, we see that k-p; =k -p2 = Emp, so
(mBE)(mBE)} _ 49*

_ 492
2
2 = [t + 2722 3

3 [(p1 - p2) +2E%] | (142)
B

but since the electrons share the energy of the B boson equally, we have that £ = mp/2:

_ 44> 1
ME =2 (o) + o] (143

Thttp://www.staff.science.uu.nl/ wit00103/ftip/Ch04.pdf equation 4.21.

Page 13 of 20


http://www.staff.science.uu.nl/~wit00103/ftip/Ch04.pdf

Dylan J. Temples Quantum Field Theory II : Solution Set Two

Now we simply need the overlap of the electrons’ four-momenta:
m
p1-p2=E>—(p-—p) = E>+|p|* = B> + E* — mg:QEQ—WEZTB—mga (144)

using the Lorentz condition. If we investigate the limit m. < mp, then we neglect the final
term, and the matrix element becomes

- 4g 1 44>
P =20 | S+ gt | = (145)

which seems to be incorrect because it is a dimensionful quantity, which matrix elements
squared should not be. We will see that in the end, we get the correct dimensions. Now we
need the decay rate, which by Peskin equation A.57 is

— 1 d3p1 d3p2 -2 A5(4)
ST ((%)32&) ((2@32];2) M@0k —p1 = p2) (146)

which simplifies to (Peskin A.58)

1 dQ 1 /2 - dQ
2mp 47 81 \ B mpFEem 2(4)
The center of mass energy is simply mp, and by the Lorentz condition, we have for a final-state
electron:
2 2 2 my, 2 2
E® — |p’ =m, = T —Me = ’p’ ) (148)
SO

2
mp _ 2 12
CopEEem2 L, an _/|M| do
_/ o M = (149)

2mp 2(4m)?

after neglecting the electron mass. Finally, we have

dQ |M|? dQ 1 4¢?
2 _ 49
/mB M <43 2) _/4mB (4m)? /4mB (4m)? 3 mB (150)
g dQ2 g mpg
e <47r> 3 4r 3 (151)

which has dimensions of mass, so we ended up on the right track. Given this decay rate, the
lifetime is
12
T=1T= 5—, (152)
g mp
which has mass dimension —1, which is equivalent to time. If we insert the explicit form of
g from part a, we see
3(4m) 3

—= e . 153
4 e?mp  amp (153)
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3 QED with Fermion Coupling to Gluon.

Consider a theory with massless fermions f. We will have f couple also to a gluon g, a massless
spin-1 field that mediates the strong force. Calculate the differential lifetime for the process of an
off-shell (massive) photon decay v* — ffg in terms of the variables

2k; - q
T = ,
(3 q2
where k; for i = 1,2, are the momenta of the final-state fermions f and f, and ¢ is the four-

momentum of the off-shell photon. To handle the effects of the color quantum numbers of the
gluon and f, calculate as if g was a photon, and multiply your result at the end by C'rN,, where
Cr = 4/3 and N, = 3. Attempt to integrate your result over x; and 2 to derive the total cross
section. Explain your result.

Flkr. @) Fhao™)
o f(k) A fk)
7 (a) o(00) 7 (q) o(0a)
fka,v™) flkr. 7

Figure 2: The tree-level Feynman diagram describing the process v* — ffg.
We will use the Feynman rules for QED to evaluate the lifetime of the massive photon.

3.1 Diagram 1.

Consider the first diagram, with the fermion emitting the gluon. The matrix element is

M = i1(eQ7%) 5 (e )ua(e) )l ) (154)
ko

= eQQfﬁ [@1yH vy vg) (€g)pu(€y)w (155)

M = Qs ) (eg () (156)

where the fermion propagator momentum (for the first diagram) is
kZQ*k‘QIk‘lerg. (157)
Let’s investigate the Ward identity, which is satisfied for un-physical (read: off-shell) particles:
ko - ko
MW = Qg5 [y ] = MY = e2Qpog [y ] () (158)
and the Ward identity states M"q, = 0, so we have

0= eQQf% [ﬂl’Y“%ﬂUﬂ (GZ)M , (159)
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let’s divide out the constants and multiply on the left by u; and on the right by vs:
0= [ulﬂlv“%gvgﬁg] (e;)u , (160)
now we want to sum over the final state fermion spins, and apply the completeness relations:
0 = [Kr7"Kgths] (eg)n (161)

so the Ward identity implies the above quantity must be zero. Taking the modulus squared of the
matrix element yields

e2 2
M2 = ( lif) [w1 " fy" 0] [172’7’8%70‘111} (€g)aleg)uley)v(es)s (162)
_ (€2Qf)2 T |: — nw v — B o * *
= S T [y By van B (e)alegule)u(€)s (163)

now we sum over the fermion spins:

2 = L9 [y 807 (el (65 (164)

Now we can average over the polarization states of the incoming off-shell photon (acquiring a factor
of 1/3 from the average):

62 2
( 361{:2[{) Tr [%17“%7”%275}670{} (69)04(6;)# Z(E'Y)V(é;)ﬂ , (165)

’Y*

IMP? =

using the completeness relations. We now need to evaluate the polarization sums, but for any set
of orthonormal vectors, one obtains?, for a massive particle

k. k
A *)\ nhvy
Z = g+ o’ (166)
while for a masless particle with momentum k:

Z et = —gu . (167)

Using this, the spin-averaged matrix element squared is

(e*Qy)?

-9

4 * q qV
Tr [y by k"8 ] () (980 + 5 ) - (168)
Now let’s investigate the second term, which is proportional to

Tr [%1’7“%%%2%%7a] (%)u =Tr [%17“%%%2(@)#%%’7% =Tr [O(fﬂé’ya)] =0, (169)

so the second sum in the polarization does not contribute due to the Ward identity. Now,

62 2
i = CL 0 [ty oy 7] (ehale (g5) (170

*http://www.staff.science.uu.nl/ wit00103/ftip/Ch04.pdf equation 4.21.
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but we still have to sum over the gluon polarizations:

MQ_ (eng)zT k uk I/%, ﬁka *
‘ ’ == 3k4 r [ 177 R R R } 9Bv Z(eg)a(€g)u
q
(€Qy)? v o
= T [l K B () (71)
let’s swap the index labels a and v:
_ 62Q 2
2 = Oy [y ] g (172)
Now we can contract with the uv metric:
2 (€Qy)? o
IMJ? = Bkic Tr [kﬂ“kv Foy” %w} (9as)
€2Q 2
= 2O [kt W] s (173)
and contract with the remaining metric:
2 (€*Qy)? 5 (*Qy)?
M = =222 T [ty = 45 T (k] (174)
The trace of four slashed vectors is
Trl@bgd] = at'b"c”d” Trly'y 7] = 4 ((a - b)(c-d) — (a-¢)(b-d) + (a-d)(b-¢)) , (175)

so now let’s evaluate the trace:

T = Tr [y Blo] = 4[(ks - k) (ks - ) — (ky - k) (K2) + (ks - &) (ke - )]

= 4[2(ky - k) (kg - k) — (k1 - k2)(K?)] . (176)
Using the definition of the fermion propagator momentum k = ¢ — ks, we have the quantities
ki-k
ky o k=hy gk ky=q? 2 -T2 1
1 1:q—ki-k2=¢q ( 5 7 (177)
¢
kQ'k:kQ'q:5x2 (178)
q-kzqz—q'l@:qz(l—%) (179)
K=(—k)=a"+k 20k =¢"—2¢ -k =¢°(1 - 2) . (180)
Let’s look at the terms from the trace:
I k‘l . ]{22
8(ky - k) (ks - k) = 4g” <2 -2 ) - (181)
ky-k
—4(ky - ko) (k%) = —4¢*(1 ) . 2) (182)
which sum to
r1vy (k1 - k2) -2 (e2Qf)? 4 [x1ma (k1 ko)
7= {2 - BB e g [ (183)
Now, inserting the fermion propagator’s momentum:
- 16 (e2Qs)? (x1mo (k1 - ko)
2 ! 122 1 K2
= — — . 184
M| 3 (1 —x9)? 2 q? (184)
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3.2 Diagram 2.

The second diagram (with the antifermion emitting the gluon) has a matrix element

kOl — o _ vV *
M = Q5 [y vy va] (€g)u (e (185)
* ka — vV_ Qo *
M = 62Qfﬁ [027" 7Y 1] (€g)u (€5)p (186)

which is identical to the first (except the expression for k) under swapping the Lorentz indeces on
the polarization vectors. Therefore

(e?Qy)?
3k4

but again we will argue that, by the Ward identity, the second term from the photon polarization
sum does not contribute. Therefore, after contracting the Sv metric,

M2 = Te [y by k"8 ] (990) (90 — 225 (187)

m?2

62 2 62 2
2 = 2y g ) (g0 = 2 S e
a9 o (188)
- 34 172 )
and we see the trace is:
Th = T [y ba] = 420k - K) (o - K) — (k1 - k) (R)] (189)

Using the definition of the fermion propagator momentum k = ¢ — k1, we have the quantities

2

k:1~k::k:1~q:%a:1 (190)
2 x ki-k
k‘g'k:kg'q—k‘z-klzq2$2—(k2'k‘1):q2<22— 1(]22) (191)
k=a® gk =2 (1"
¢ k=q¢—q k q(l 2) (192)
K=(—k)’=¢+k -2¢-ka=¢"—2¢- k1 = ¢*(1 —a1) . (193)
So the terms from the trace are
4
q Ty ki-ko
ki1-k)(ke-k)=8=— - — 194
Sl Rk 1) =8 (- P (101
2 2 1 ki - ko
—4(ky - k2) (k") = —4(k1 - k2)q" (1 — @1) = —4¢"(1 — z1) 2 (195)
which sum to
ki-k - (GQQ )2 T1T2 kl . ]{52
—qgt T2 M L £ DAY - . 196
R S I e (196)
Finally, inserting the value for the fermion propagator’s momentum, we have
- 16 (€2Qf)2 X129 ]ﬁ . kQ
2
-2 — . 197
M| 3 (1—x1)? 2 q? (197)
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3.3 Cross Term.
We are now interested in the quantity 2R{M; M3}, so we need

kOl = o _ vV *
My = GQQfE [t vH Yy  vg] (Gg)u(ﬁv)u (198)
* p — O *
NQ:&Qﬁghmwﬁwmh%%&Qp (199)
with
k=q—ky (200)
p=q—ki, (201)

so let’s note the quantities
F=¢(1-z) p’=¢1—-m)

r1 k- ke ¢
k-k1:q2<— > p-k1=r

2 q? 2
2
q o (T2 ki-ko
k-ko=ko -q=— ko = A
2 24 2362 p-R2 (2 e )
o=a2(1-%2 o= (12
kq_q(l 2) pqq<1 2)’
and
kep=(q—ko) - (q—k1)=¢"+ki-ka—q-ki —q-ko
ki-k T T
2 ) 1 2
=g 41 -5 "5 (- 202
q { + q2 2 2} ( 0 )
The product of the matrix elements is
%2 = M M* = (€2Qf)2 U iuk v NG P * * 203
= /¥ty = ki2p2 [ulry Y U2] [UZ’Y ?’Y ul] (eg)a(eg)u(e’y)u(e'y)p , ( )

note the terms in square brackets are C-numbers, so we can take their trace. We then sum over final
state fermion spins and gluon’s polarization, and average over the off-shell photon’s polarizations.
We have shown before that the Ward identity is satisfied, so the second term in the photon’s
polarization completeness relation does not contribute, and thus
o (2Qp)?

A = 3/{:2;;2 Tr [klvukfyykfygp'yp] GouGvp - (204)
Contracting with the first metric removes the v* and v matrices, reverses the order of the matrices
in between them, and contributes a factor of —2, so

o (€2Qy) y (€2Q /)2 )
A = 3k2;;2 Tr [k1k2y k97" 9vp = TQ;Q Tr [V ks ko k) gup - (205)
Contracting with the second yields v ¥27” gup = 49a5k1a/€25, 50
204)2 20 .2
72 (e Qf) . 3(6 Qf)
M =4 32,2 A(ky - ko) Tr [fp] =4 3522 (k1 - ko) (K - p) . (206)

Inserting the expressions for k% and p?, we have

_ 43 20y .)2 ) '

///2 _x (6 Qf) (kl 2k2) {1 n k1 - ko T :UQ} ‘
3(1—z1)(1—22) ¢

(207)
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3.4 Off-Shell Photon Lifetime.

Collecting the three terms from the previous sections, we have
M2 = 2! (¢Qy)’ {561»”02 (k- ko) } L2 Q) {xwz ki kz}
3 (1—z2)? | 2 q? 3(1—z1)? | 2 q?
21 (PQp)? (k1-k) {1 ki ko 1 16‘2}

T3 A1) & ¢ 2 27 (308)

Let us note something about the kinematics:, we have (for the first diagram) ¢ = k; + k, but

k = kg + pg, so we have g = k1 + kg + py (which is just overall energy-momentum conservation), if
we take the scalar product of both sides with 2¢, we have

2 .
2q2:2q-k2—|—2q-k’1+2q-pg = 2=x1+x2+ p;]Qq, (209)

which leads to the definition of x3, and the fact that 1 +x2+x3 = 2. Now consider the final factor
in curly braces:

R 2 L A B i R
and the denominator of the same term is
(I—21)(1—29) =1—21 — 22 + 129 = (23 — 1) + T129. (211)
Consider the quantity
(k1 + k) = 2k - ko (212)
since the fermions are massless, but from momentum conservation, we have k1 4 k2 = ¢ — py, so
21 ky=(q—pg)’=q"—2q-py = k1q~2k2 ! —2x3 : (213)

We can then write the total matrix element squared as

|M’2:2464Q30{ 1 {$1$2_1—$3}+ 1 {xlmg_l—x3}+ (1—%3) }’

3 (1 —.’EQ)Q 2 2 (1 —.’I}1>2 2 2 (1 —1’1)(1—1‘2)
letting MATHEMATICA handle the algebra results in
24€4Q2 2 2
M2 = ! Tt . (214)
3 2(1 — 21)(1 — x2)
If we now include the prefactor Cr N, = 4 for the color consideration, we have
2564 2 2 2
M2 = Qf{ Tt T } . (215)
3 (1 —21)(1 —22)

We now calculate the differential width using Peskin equation A.57:

1 d3ky d3ky d®p, 2o )
= ((277)32191) ((27r)32E2> <(27T)32Eg> IMIF(2m) 00 (q — k1 — k2 —pg) , (216)

which we must integrate over dx;, with each x; € (0,1). We will quote the result from evaluating
the Lorentz-invariant phase space from Schwartz equation 20.44. The differential width of the
massive photon is (up to factors of 2 and 7):

1 1 2 2
+x
T 4,12 2/ d / d Ty 2 921
x e Qg 5 x1 . 1172(1_961)(1_952), (217)

which we note diverges as the x; — 1. This is an infrared divergence.
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